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Abstract

The proportional odds (PO) model is one of the most commonly used models for
regression analysis of failure time data in survival analysis. It assumes that the odds of
the failure is proportional to the baseline odds at any point in time given the covariate.
The model focus on the situation that the ratio of the hazards converges to unity as
time goes to infinity, while the proportional hazards (PH) model has a constant ratio
of hazards over time. In the paper, we consider a general type of failure time data,
case K interval-censored data, that include case I or case /[ interval-censored data
as special cases. We propose a PO model-based unified penalized variable selection
procedure that involves minimizing a negative sieve log-likelihood function plus a
broken adaptive ridge penalty, with the initial values obtained from the ridge regression
estimator. The proposed approach allows dependent censoring, which occurs quite
often and could lead to biased or misleading estimates without considering it. We
show that the proposed selection method has oracle properties and the estimator is
semiparametrically efficient. The numerical studies suggest that the proposed approach
works well for practical situations. In addition, the method is applied to an ADNI study
that motivates this investigation.
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1 Introduction

Interval-censored failure time data often occur in follow-up studies and clinical trials.
A general type for interval-censored data is the case K interval-censored data (Wang
etal. 2016, 2018, 2020a,b, 2023; Zhao et al. 2021), for which there exists a sequence
of observation points for each subject and the failure time of interest is known only to
belong to a window or an interval. It includes case I or case /[ interval-censored data
as special cases. For case [ interval-censored data(or current status data), each subject
is observed only once and the observed data have the monitoring time and the current
status of the event of interest(occurred or not) (Huang 1996; Ma et al. 2015; Hu et al.
2017). Another type is case /[ interval-censored data meaning that there exist two
observation points for each subject, the observed information is described by the left
and right end points of intervals, respectively. In addition, the right-censored data arise
when the right end points of an interval is infinite (Kalbfleisch and Prentice 2002).

Many methods and models have been proposed for the censored data in the lit-
erature (Sun 2006). The PH model and the PO model are two popular frameworks
in investigating the association between risk factors and disease occurrence or death
(Cox 1972; Rossini and Tsiatis 1996; Huang and Rossini 1997; Shen 1998; Yang and
Prentice 1999; Wang and Wang 2021). The PH model assumes a constant ratio of haz-
ards over time, however, this assumption may not be appropriate in real applications.
As an important alternative model, the PO model specifies that the odds of the failure
given any covariate is proportional to the baseline odds at any time point. And the
regression parameters in the PO model have a nice interpretation in terms of the log
odds ratio of the failure. In addition, the PO model is considered more appropriate
than the PH model when there exists an effective cure or the morbidity rates converge
with time (Murphy et al. 1997).

A topic of widespread interest is variable selection and numerous methods have
been developed in statistical analysis. In particular, for linear models with outcomes
that are not censored, certain conventional methods are employed like backward selec-
tion, forward selection, and best subset selection. Lately, there has been productive
investigation focused on the penalized estimation method which is that maximizes
an objective function with a penalty function. These methods consist of the least
absolute shrinkage and selection operator(LASSO) procedure (Tibshirani 1996), the
smoothly clipped absolute deviation(SCAD) procedure (Fan and Li 2001), the adap-
tive LASSO(ALASSO) procedure (Zou 2006), the smooth integration of counting and
absolute deviation(SICA) procedure (Lv and Fan 2009), the seamless-Ly(SELO) pro-
cedure(Dicke et al. 2013), and the broken adaptive ridge (BAR) regression (Dai et al.
2018; Zhao et al. 2020; Sun et al. 2022a,b). A number of authors have investigated
the variable selection for the right-censored failure time data, and especially, Tibshi-
rani (1997), Fan and Li (2002) and Zhang and Lu (2007) generalized the LASSO,
SCAD, and ALASSO penalty-based procedures, respectively, to the Cox proportional
hazards model situation. Furthermore, Lu and Zhang (2007) studied the proportional
odds model for the right-censored data by utilizing a penalized marginal likelihood
based on ranks.

For the variable selection based on the interval-censored data, many procedures
have been investigated (Scolas et al. 2016; Wu and Cook 2015; Zhao et al. 2020; Li et
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Fig.1 Estimate of the log odds on AD conversion by any given time for participants with different PTGEN-
DER (left) and FAQ (right)

al. 2021; Sun et al. 2022a,b; Du and Sun 2022). Specifically, two parametric proce-
dures were developed in Scolas et al. (2016) and Wu and Cook (2015), respectively.
Zhao et al. (2020) considered a semiparametric procedure and proposed the broken
adaptive ridge (BAR) regression on the proportional hazards model. And Sun et al.
(2022a,b) developed a variable selection technique for multivariate interval-censored
data. Du and Sun (2022) reviewed variable selection procedures for noninformative
or independent interval-censored failure time data. One drawback for majority of the
methods mentioned above is that they all assumed that the failure time and the obser-
vation process are independent. Nevertheless, the assumption may not be true in many
real situations. Corresponding to this, Du et al. (2021) developed an approach to vari-
able selection for informative interval-censored data, and proposed a two-step method
relying on the proportional hazards model and assuming the Poisson process for the
observation process. However, note that the proportional hazards model may not be an
appropriate choice when homogeneity between different groups increases over time
and it is more preferable to use the proportional odds model to analyze the data.

A motivating example in this article is an Alzheimer’s Disease Neuroimaging Ini-
tiative (ADNI) study which can be found on the website http://adni.loni.usc.edu. This
research includes medical, imaging measures, biomarkers and others covariates. An
interesting aspect in this investigation is to monitor the progress of participants and also
to identify the covariates or risk factors for AD conversion time. To establish a suitable
model, we draw the empirical plot of the log odds function for participants based on
the variables PTGENDER (Male and Female) and FAQ (high and low), respectively.
Figure 1 presents the nonparametric maximum likelihood estimates (NPMLE). Note
that the vertical difference between the two curves remains relatively constant which
suggests that the proportional odds model maybe reasonable. Moreover, the initial
visit or censoring mechanism may be related to the time of AD conversion. Hence, in
this article, we will introduce a method for selecting variables using the proportional
odds model for informatively case K interval-censored failure time data. This method
does not rely on the assumption of a Poisson distribution for the observation process.

The remainder of the paper is organized as follows. We begin with introducing
data structure and model assumptions in Sect. 2. In Sect. 3, we propose an sieve penal-
ized variable selection procedure that combines the two-step approach and the sieve
method. The number of covariates is allowed to diverge with the sample size and a
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recursive algorithm for the determination of the BAR estimators is developed. Results
obtained from an extensive simulation study are presented in Sect.4 and indicate that
the proposed method seems to work well for practical situations. In Sect.5, the pro-
posed procedure is employed to a set of real data and Sect. 6 contains some discussion
and concluding remarks.

2 Data and models

Consider a failure time study that consists of n independent subjects. For each subject i,
let T; denote the failure time of interest and suppose that there exists a p-dimensional
vector of covariates denoted by x; = (x1;, x2i,...,%pi), i = 1,2,...,n. In the
practical applications, the failure time 7; may not be observed exactly instead that we
obtain a sequence of observation time points denoted by U;o = 0 < U;; < Ujp <

. < Uijg; < oo and the indicator §;; = I(U;j—1 < T; < U;j),i =1,...,n,j =
1, ..., K;, where K; denotes the total number of observation points. Then, we have a
point process N, (1) = Zf’zl I(U;; < t), which characterizes the observation process
on subject i and jumps only at the observation times. Let 7; denote the follow-up time
which is independent of failure time 7; on subject i, we have K; = ﬁ,-(t,-) and one
observes case K interval-censored data which have the form

0 ={0; = i, 7, Uij 8y, Kiv j =1 Ko i = 1,2,

As mentioned above, it is apparent that case I interval-censored data or current
status data occur if observation points K; = 1 fori = 1, ..., n. That is, each subject
is observed only once and the only observed information for the event of interest
is whether the event has occurred no later than the observation time. If observation
points K; = 2, the data are usually referred to case // interval-censored data. It is
meaning that each subject is observed twice and the observed information is described
by two variables that represent the left and right end points of an interval (Sun 2006),
respectively. In addition, they reduce to the right-censored data, if the failure time
Ti > Uik, or Z;{;l 8;; = 0 (Kalbfleisch and Prentice 2002).

Note that there exist two processes in the informatively interval-censored data,
which are the failure time process and the observation process. In many situations, the
two processes may be correlated. A typical example of the informative censoring can be
observed in health or medical follow-up studies, such as clinical trials where patients
may pay less or more visits depending on their conditions than the pre-specified
schedule. To describe the covariate effects and the relationship between the failure
time of interest and the censoring mechanism, assuming that there exists a latent
variable b; and given the covariates x; and b;, the variable 7; follows the proportional
odds frailty model

F(t | xi, by)

— T )
1T—F | x.b) Ao(2) exp (xl- B.+ b,ﬁb), )
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where Ao(1) = 5 f (jp(ot()t) denotes a completely unknown baseline odds function, Fo(¢)

is the baseline cumulative distribution function, and B, B, are unknown regression
parameters. The survival function corresponding to the proposed model is

S@ | xi, bi) = [1 + Ao(r) exp (xiTﬂa + b,-ﬂ,,)]fl.

For the observation process, it will be assumed that given x; and b;, ﬁi (t) has the
rate function

E(dN;(t) | xi,bi) = Aon(t) exp(x;| y + by)dr )

where Ao (¢) is a completely unknown continuous baseline rate function and y is a
vector of regression parameters as f8,,. Define Ao (1) = fé Ao n(s)ds, and assume that
Aon(t0) = 1, where 1y denotes the longest follow-up time. Also it will be assumed that
given x; and b;, T; and ﬁi (t) are conditional independent. Note that models (1) and (2)
with b; = 0 have been commonly used in the analysis of failure time data (Klein and
Moeschberger 2003) and event history data (Cook and Lawless 2007), respectively.
It is apparent that the parameter f;, represents the extent of the association between
the failure time and the observation process. The positive value of fj represents that
the observation process and the failure time process are positively correlated, while
the negative value of B, indicates the negative association between them. In addition,
if B, = 0, these processes are independent. Moreover, we simply suppose that the
observation process has the rate function, rather than a nonhomogeneous Poisson
process, and it is much more flexible than the others (Wang et al. 2016, 2018).

For inference, define 8 = (ﬂ;, By) " and 6 = (ﬁT, Ao)". Under the assumptions
above, if the distribution of the b;’s was known, one can write the likelihood function
as

n K; - 1,% Sii
LB, Aol b =T]T] |:[S(Ui,j—l | xi.bi) = SWij | 3. 6)] " [SWik, | xi.b)] = }

i=1j=1

3

Note that the conditional likelihood mentioned above includes latent frailty variable
b;’s, the baseline odds function Ag(t), and regression parameter 8. If the distribution
of the latent frailty variable b;’s was known, an EM algorithm can be employed to
maximize the log-likelihood function to estimate the parameters of interest (Wang
et al. 2020a,b). However, it is easy to find that the distribution of the b;’s may be
unknown in many real applications. To solve the problem, we first propose to estimate
the b;’s and then conduct the sieve penalized variable selection in the following section.

3 Sieve penalized variable selection procedure

Now we will focus on the likelihood-based borrow-strength approach for a latent
variable in the models above. It should be noted that the latent effects b;’s are not
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known in (3) and therefore, a natural approach is to estimate latent effects b;’s by
employing a borrow-strength estimation procedure (Wang et al. 2018; Zhao et al. 2021)
and then directly maximize the working likelihood function to estimate the unknown
parameters Ag(?), and 8 by substituting in the estimator of b; into likelihood function

(3).
3.1 Borrow-strength Sieve approach

Note that the shared frailty variables b;’s are not observed and their distribution is
unknown. To address this, we propose the two-step method, as described by Huang
and Wang (2004) and Zhao et al. (2021). In the subsequent sections, we will first outline
the estimation and inference process for model (2), following the similar methodology
employed by Huang and Wang (2004) and Zhao et al. (2021). Specifically, define
N;(t) = N;(t A 1;) for the i-th subject, where t A T; = min(¢, 7;). Then we obtain
that

INT; ~ t ~
Ni(t) = / AN ) = / 1 = wd N w).
0 0

Under the assumptions of the observation process, we derive that

d[EN;(1)]

dAon(t) =
0n (1) E(exp(x]ly +b)1(z; = 1))

by the conditional expectation of N;(¢).
According to the estimation process and results in Zhao et al. (2021), we have

d[EN;(s)]
EWN:()I(ti = 9))

0
log Aon (1) — log Agy (1) = f @
t

which does not depend on frailty variable b; and covariates x;. Combining the assump-
tion Agp(t9) = 1, the straightforward calculation yields

5 d[EN;(s)]
Aop(t) = t<ls_<[r‘ [1 CE[Ni(9)(z; > S)]}

It is thus natural to suggest that one can estimate Aqy, (¢) by

R (f) — day
R = [T (1= %) 5)

Sy>t

In the above, the s(;)’s are the ordered and distinct values of observation times {U;;},
d) is the number of the observation times equal to s(;), and R the total number of
observation events with observation times and observation terminating time satisfying
Uij <sqp <.
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To achieve the regression estimation of parameter y, based on the similar idea in
Huang and Wang (2004) and Zhao et al. (2021), we employ the following weighted
estimating equations

> wisi (KiRg, (@) = yoexp ) = 0. (®)

i=1

where )ElT =(1, xl.T ), vw=E (e, and the w;’s are some weights that could depend
on the x;’s, 7;’s and A, (Huang and Wang 2004). The estimators of y and yy, y and
70 can be obtained by solving the estimation equations (6) in the above. Then, the
estimation of b; is given by

K
b; = log { = _ d SN }
Aon(Ti) exp(x; )

For the inference about model (1), as previously stated, given the b;s, model (1)
becomes the usual proportional odds model. Therefore, it is natural to replace b; by

the estimator I;l- and the likelihood function (3) is rewritten by

L(B, Ao | by)

n K A~ ~ \8ij A N2
=TTTT| (5Wijmr 150 B0) = SWi 1 xiB0) ™ (SWik, 10, B0)) 5 | )

i=1j=1

Now we focus on the estimator @ in general and it is apparent that a natural approach
would be to maximize the log-likelihood function (8, Ag | l;i) = log(L(B, Ao | l;i)).
However, itis obvious that the computation becomes challenging due to the presence of
infinite-dimensional parameters Ag. To address this issue and maintain the modeling
flexibility, we employ the Bernstein polynomials method to approximate A(t) (Wang
and Ghosh 2012). Specifically, let ® denote the parameter space of #, and define the
sieve space

®n = ion = (ﬂTa An)T} =B® D, ,
where

B={perr |8 =M},

m
®, = {An(f) =Y wBit,ma,a): Y |a|<M,0<ag<a)=<... fotm}-
1=0

0<l<m

M is aconstant, M, = o(n®), 0 <ag < 1/2.a¢ = (a9, @1, .. ., am) " is the unknown
sieve parameter vector to be estimated and

t—ap\! t —ap \m—!
B[(t’maa19a2)=c,ln( )(1_ ) )
a) —daj a) —daj
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where m denotes the degree of the Bernstein polynomials which is usually taken to
bem = O(n’) forsome 0 < v < 1/2. And 0 < a; < ap < oo with (ay, ap) usually
taken as the range of observed data.

Given the observation points U;;, 13,- and A, (t), the working likelihood function
has the following form

L,(B,a)

n

>

d l—i&'i
(Sn(Ut j—1 |xlsb)_Sn(Ulj |xlsb)) (S (UtK, |xlab)) = s

i=1j=I

-
I

where S, (¢ | x,-,l;,-) = [1 4+ A,(®) exp(xl.—rﬂa + Eiﬁb)]_l. If someone is solely

concerned with approximating f, it is natural to concentrate on the sieve profile

log-likelihood function [,(B) = max/,(B, &), where [,(B,®) = logL,(B,a). In
o

the following, we will propose a penalized or regularized procedure for simultaneous

estimation and covariate selection based on [, ().

3.2 Penalized variable selection procedure

For the simultaneous estimation and covariate selection, we will consider a broken
adaptive ridge (BAR) penalized operator proposed by Zhao et al. (2020), which com-
bines the strengths of the quadratic regularization and the adaptive weighted bridge
shrinkage in interval-censored data. Specifically, define B = (,él, e, ,ép,l , ,ép)T
denotes a consistent estimator of 8, the corresponding penalized objective function is

. P P2
LB 1 B) = =21, (B)+ > P(1 By 1 3 = —2p(B) + 7 Y % ®)

s=1 s=1

where parameter ),, denotes a non-negative penalization tuning parameter. As men-
tioned by Dai et al. (2018), Zhao et al. (2020) and Sun et al. (2022a,b), one main

advantage behind the proposed procedure above is that 25 ﬂ is expected to converge to

1(] Bs |# 0) in probability as n goes to infinity if given the consistency of ﬂ .
To obtain the broken adaptive ridge estimates, we need to minimize objective func-

y NG
tion/,, (B | B) in (7). Specifically, for given an initial value ﬂ( ), which is a consistent

A (k
estimator of 8, one can update ,B( ) iteratively by the following reweighed L»-penalized
proportional odds regression estimator

2 _ o o p?
B = argmin | —20,(B) + A Z G [ ©)

In the algorithm, according to the ideas of Wang and Leng (2007) and Zhao et al.
(2020), the log-likelihood function /,,(B) can be approximated as an iterative least
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square procedure by the Newton—Raphson update. Therefore, by a second-order Taylor
expansion, minimizing (7) is asymptotically equivalent to minimizing

4 2
ly = ZBI* + 20 ) Af 5 (10)

s=1 S )2

In the above, y = (ZT) [, B|a— I, (ﬁ | oc)ﬂ] and matrix Z be the Cholesky
decomposition of —ln(ﬁ | @) or Z'Z = —ln(,B | a«), where ln(ﬂ | ) =

Ol ﬂ ) LB w) = 31”‘3? ;r) represent the first and second partial derivatives of

Iy (,3 a) about B, respectively. In the following section, we can obtain the broken
adaptive ridge regression estimator by minimizing objective function (9) for a fixed
A, by the subsequent iterative algorithm. The specific iterative algorithm is outlined
below.

A AOT .
e Step 1. Set k = 0 and choose an initial estimator 8 ) (ﬁ( ) ,oc(O)T)T. One can
take @7 = 0 and take the ridge regression estimator
~(0)
B —argmm{ —21 (ﬂ)+QnZﬂ }
s=1
where g, is a non-negative tuning parameter.
e Step 2. At the (k + 1)-th iteration, for the current estimate compute &(k), com-
Q _ l (k) (k) D (k) = d (k) (k) (k) 0 d
pute £, = [,(B | ), D) = iag(B;’, .. p—1s Bp ), an

£, = I, (ﬂ(k) la®y — 1, (ﬁ(k) | ot(k))ﬂ(k). And obtain updated estimates

o (k+1)

B = {2, +20,03"] 4,

s . A (k+1 .
e Step 3. Atthe (k+ 1)th iteration, for the current estimate ¢ ), obtain the updated
A (k+1)
estimate @V by solving equation —al”(’g =0.

e Step 4. Repeat Steps 2-3 until the convergence is achieved.

Note that in the iterative process above, one needs the Cholesky decomposition
of —1I, (B | ) when calculating €2, and &,. And on the covariate selection, let the
estimates of the components of B as zero if the estimate values are less than a pre-
specified threshold. By following Wang et al. (2007), we used the threshold of 107°. To
implement the algorithm above, one needs to select two tuning parameters g, and A,,.
An optimal tuning parameter can result in a parsimonious model with good prediction
performance. Wang et al. (2009) has showed that Bayesian information criterion (BIC)
is consistent in model selection, and we employ the BIC-type criterion to choose the
tuning parameter. Also as pointed out by others and shown in the numerical study, the
BAR-based approach is not sensitive to o, and thus it can be taken to be a constant(e.g.,
50 or 100). For a given A,,, we can obtain BAR estimators fS 5, and &;,, and the BIC-type
criterion is defined by
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BIC;, = —21,(B;, , &3,) + log(n)dfs,,

where df;, is the number of nonzero coefficients in B Ayt

In the following, we establish the asymptotic properties of the proposed BAR esti-
mator fi* and denote By = (Bo,1, Po,2, - -, Bo,ps /3(),p+1)—r as the true of . Without
losing generality, assume parameter By = (B o1, B(02)), Where B gy consists of all
(g + 1)(g << p) nonzero components. Corresponding to this, we will divide BAR

X T A%T
estimator /3* = (ﬂ}k , ﬂ; )T in some ways. The following Theorem describes the
oracle property of BAR estimator with limits being n — oo and the proof was given
in the Appendix.

Theorem 1 Suppose that the regularity conditions (CI1)—(C8) described in the
Appendix hold. Then as n — o0 and with probability tending to 1, the BAR esti-

mator ii* = (BT ,@;) exists and has the following properties:

D B; = 0, with probability tending to 1.

Im) BT is the unique fixed-point of the equation B = (sz,ﬂ” + 2)LnD1(ﬁ1))_1£,(11).
Here Dy(B)) = diag(B; %, By, ... B;2.0), i denotes the (q + 1) x (g + 1)
leading submatrix of R, and & Ell) denotes the vector that consists of the first g + 1
component of &,,.

(1) /n (B T —-B (1)) converges in distribution fo a multivariate normal distribution
Ng+1(0, X), where the variance-covariance matrix X is defined in the Appendix.

4 Simulation study

In this section, to assess the performance of the finite sample of the penalized variable
selection procedure, we present some results obtained from an extensive simulation
study. In the study, we first generated the covariates x;’s from the multivariate normal
distribution with mean zero, variance one, and the correlation between x; and x;
being pl/ ¥ with p = 0.2 0r p = 0.5, j,k = 1, ..., p. The latent variables b;’s were
generated from the normal distribution with mean 0 and variance 1. The failure time of
interest was generated from model (1) with Ag(7) = 12 or Ag(1) = log(t + 1) 411,
For the generation of the observed data, we first generated the the follow-up time 7;’s
from the uniform distribution over the interval [3, 4] and the number of observation
times K; for subject i based on the Poisson distribution with the mean function

Ain(Ti | xi,bi) = Aon(t) T exp(x;| y + by,

where Lox(f) = 1/4 and y = (0.1, ...,0.1). For the censoring intervals, we took
Uii, ..., Uik, to be the order statistics opf arandom sample of size K; from the uniform
distribution over (0, 7;),i = 1, 2, ..., n. The simulation results given below are based
on sample size n = 300 or 500 with 100 replications.

Table 1 presents the results obtained on the covariate selection with p = 10,g = 3
and B, = (ﬂ;, BT, B, = (0.6,0.6,0,0,0,0,0,0,0.6)", B, = 0.2. The results
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include the averaged number of non-zero estimates of the parameters whose true
values are not zero (TP), and the averaged number of non-zero estimates of parameters
whose true values are zero (FP), the median (MMSE) of the mean weighted squared
errors (MSE), and the standard deviation (SD) of the MSE. And define MSE to be
([}Z - ﬂa)TE(xTx)(ﬁZ — B,), where ﬁ: denote the BAR estimator of . It is easy
to see that TP and FP provide the estimates of the true and false positive probabilities,
respectively. In addition, we considered other penalty functions (LASSO, ALASSO,
SCAD, SICA, SELO or MCP) and for the results, we took m, the degree of Bernstein
polynomials, to be 3 and used BIC criterion to select the tuning parameter A,. From
Table 1, one can see that the proposed procedure seems to perform well no matter
which penalty function was used, especially in terms of TP which measuring the true
positive selection. As expected, the proposed BAR approach presents the smallest
MMSE and FP in all methods considered. Also the proposed approach generally
yields the largest TP among all except the procedure based on the LASSO penalty. In
addition, the performance does not seem to depend on the cumulative baseline hazard
function for all methods. The results given in Table 2 were obtained in the similar
set-ups as Table 1 except that p = 30 and 8, = (0.6, 0.6,0,...,0, O.6)T, By = 0.2.
3
The covariate selection performs similar to those shown in Tgble 1 and indicates that
the estimation and variable selection of the proposed method seems to be robust for
number of variables.

To see the performance of the proposed approach for different observation process,
we repeated the set-ups in Table 1 but generated the number of observation times
K; from the mixed-Poisson process. Specifically, we first generated a random sample
{w1, w2, ..., w,} from {-0.25,0, 0.25} with P(w; = —0.25) = P(w; = 0.25) =
0.25 and P(w; = 0) = 0.5. For each i, given w;, b; and x;, the K; were then generated
from the Poisson process with the mean function

Ain(ti | xi, i) = (1 — 0o () T exp(x; y +bi) .

The results on variable selection of the proposed method are presented in Table 3,
and indicate that the proposed variable selection procedure seems to work well for the
situations considered.

Note that in the above variable selection procedure, another interest is the perfor-
mance of the proposed approach for the number of different non-zero variables. We
considered the number of two different non-zero variables, namely, g = 5, 8, =
(0.6,0.6,0.6,0,...,0,0.6,0.6)" and ¢ = 8, B, = (0.6,0.6,0.6,0.6,0,...,0,

e’ N— —’
p—5 p—8
0.6,0.6,0.6,0.6) T, under the setting of p = 0.5, Ag(t) = t* and n = 500. These
results will be summarized in Table 4. It is apparent that they all gave similar con-
clusions to those given by Tables 1-3. Morever, the estimation and variable selection
of the proposed method also seems to be robust for the number of different non-zero
variables.

In addition, to investigate the sensitivity of the proposed method for latent vari-

ables b; and covariates x;, we considered that the latent variables b;‘ = exp(b;)
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Table 1 Results on covariate selection with p = 10 based on nonhomogeneous Poisson process

Penalty TP FP MMSE  SD TP FP MMSE  SD
n =300 n = 500
Ao(t) =log(t + 1) + 119
p=02 BAR 297 017 0048 0.085 3.00 020  0.038 0.043
LASSO 205 168  0.170 0193 300 195  0.111 0.093
ALASSO 295 0.60  0.110 0.144  3.00 039  0.065 0.074
SCAD 293 014  0.039 0.108  3.00 009  0.029 0.038
SICA 296 0.4  0.044 0.094 3.00 009  0.029 0.038
SELO 297 014  0.045 0.090 3.00 010  0.029 0.041
MCP 296 020  0.043 0.104 3.00 010  0.029 0.042
p=05 BAR 292 017  0.060 0.092 3.00 018  0.041 0.048
LASSO 298 168  0.181 0135 300 217  0.121 0.081
ALASSO 293 050  0.144 0.135  3.00 052  0.085 0.076
SCAD 282 017  0.061 0.121 298 010  0.036 0.049
SICA 282 010  0.059 0.113 297 010  0.036 0.054
SELO 284 011  0.059 0.109 297 010  0.036 0.054
MCP 285 016  0.056 0.109 297 011  0.037 0.056
Ao(t) = 12
p=02 BAR 297 022  0.058 0.083 3.00 0.17 0033 0.036
LASSO 288 145  0.187 0213  3.00 138  0.126 0.091
ALASSO 297 055 0122 0.141 300 034  0.058 0.058
SCAD 290 0.2  0.050 0.119  3.00 007  0.023 0.036
SICA 288 013 0052 0.127 300 006  0.024 0.035
SELO 2838 0.4  0.054 0.127 3.00 006  0.024 0.035
MCP 291 020  0.063 0.115 3.00 006 0023 0.035
p=0.5 BAR 295 023 0.049 0082 3.00 017  0.030 0.036
LASSO 297 151 0.180 0.183 3.00 143  0.103 0.084
ALASSO 291 045  0.147 0.189  3.00 030  0.068 0.060
SCAD 276 017  0.048 0253 3.00 008  0.025 0.036
SICA 285 012 0044 0.121  3.00 006  0.026 0.035
SELO 287 014 0044 0.118  3.00 007  0.027 0.037
MCP 282 016 0048 0.182  3.00 009  0.027 0.039

were generated from I'(2, 1/2), where I'(vq, vp) stands for the gamma distribu-
tion with shape parameter v; and rate parameter v, and x; = (xj1, Xj2, .
where x;1, x;2, ..., x;p are independently generated from the uniform distribution over
(—3,3) with p = 10, n = 300 and A () = ¢2. Table 5 summarizes the estimation
results based on 100 replications. The parameter estimates perform similarly to those
shown in Tables 1 and 2, indicating that the proposed method is robust to the different
distribution of the latent variables and covariates.
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Table 2 Results on covariate selection with p = 30 based on nonhomogeneous Poisson process

Penalty TP FP MMSE SD TP FP MMSE SD
n =300 n = 500

Ao(t) =log(t + 1) + 119
p=02 BAR 297 039  0.081 0.098 300 028  0.061 0.052
LASSO 287 151 0432 0261  3.00 149 0285 0.139
ALASSO 290  0.89  0.193 0224 3.00 066  0.098 0.089

SCAD 297 0.29 0.060 0.101 3.00 0.17 0.028 0.045
SICA 2.95 0.32 0.067 0.109 3.00 0.20 0.029 0.046
SELO 2.95 0.31 0.069 0.105 3.00 0.21 0.029 0.047
MCP 2.95 0.37 0.063 0.108 3.00 0.20 0.028 0.048
p=05 BAR 2.94 0.49 0.083 0.158 3.00 0.50 0.057 0.055

LASSO 2.84 1.77 0.409 0.306 3.00 2.31 0.253 0.144
ALASSO 2.85 0.94 0.207 0.244 3.00 0.95 0.123 0.095

SCAD 286 024 0054 0.175 300 012  0.027 0.046
SICA 288 021  0.053 0.171 300 022  0.032 0.055
SELO 287 032 0.065 0.175 300 023  0.034 0.052
MCP 282 027 0.6l 0.184 300 0.8  0.030 0.052
Ao(t) = 12
p=02 BAR 295 057  0.086 0.129 300 047  0.063 0.061
LASSO 277 166 0422 0276 300 172 0244 0.123
ALASSO 289 098  0.197 0.198 300 0.69 0.9 0.076
SCAD 266 022 0084 0263 300 020  0.027 0.056
SICA 283 032 0.068 0.181 300 027  0.032 0.061
SELO 283 036 0071 0.187 300 025 0034 0.061
MCP 285 053  0.097 0.187 300 028 0028 0.067
p=05 BAR 295 058  0.086 0129 300 049  0.057 0.059

LASSO 2.94 1.80 0.347 0.228 3.00 1.99 0.217 0.137
ALASSO 2.88 1.03 0.184 0.190 2.98 0.73 0.110 0.127

SCAD 2.81 0.29 0.051 0.162 2.99 0.15 0.030 0.060
SICA 2.85 0.35 0.057 0.154 3.00 0.25 0.035 0.057
SELO 2.85 0.45 0.064 0.158 3.00 0.26 0.037 0.054
MCP 2.85 0.44 0.063 0.174 2.99 0.28 0.037 0.067

5 An application

Now we apply the proposed methodology to a set of informatively case K interval-
censored data arising from the Alzheimer’s Disease Neuroimaging Initiative (ADNI)
database (http://adni.loni.usc.edu). The ADNI study is an ongoing, prospective, lon-
gitudinal multicenter study designed to investigate clinical, imaging, genetic and
biochemical biomarkers for early detecting of the Alzheimer’s Disease (AD) and
tracking its progression. In the study, each participant is visited intermittently sev-
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Table3 Results on covariate selection with p = 10 and n = 300 based on nonhomogeneous Mixed Poisson
process

Penalty TP  FP MMSE  SD TP  FP MMSE  SD
Ao(t) = log(t + 1) + 19 Ao(t) = 12

p=02 BAR 295 0.8  0.051 0.092 298  0.14  0.056 0.072
LASSO 300 159 0.183 0.157 294 149 0.169 0.192
ALASSO 296 056  0.110 0.111 297 045 0.124 0.159
SCAD 291 0.14  0.042 0.107 2.83  0.08 0.048 0.203
SICA 292 0.5  0.043 0.108 291 0.09  0.053 0.123
SELO 293 0.5 0.044 0.102 293 0.08 0.050 0.107
MCP 292 016  0.045 0.106 290 012 0053 0.133

p=0.5 BAR 291 018  0.057 0.093 292 018  0.050 0.100
LASSO 300 171 0.162 0.135 3.00 133 0.169 0.108
ALASSO 295 047  0.131 0.124 290 041  0.148 0.165
SCAD 286  0.08  0.051 0.100 274 007  0.047 0.203
SICA 287 0.07 0.053 0.093 281  0.08 0.045 0.120
SELO 2.87  0.08 0.053 0.094 281  0.09  0.046 0.122
MCP 288  0.17  0.056 0.097 282 0.16  0.047 0.127

Table 4 Results on covariate selection for the number of different non-zero variables based on the setting
of p = 0.5, Ag(t) = 1% and n = 500

Penalty TP FP  MMSE SD TP FP  MMSE SD
b~ N(®,1) exp(b) ~ T'(2,1/2)

Poisson process
p=30,g=5 BAR 494 021  0.099 0.091 500 026 0.083 0.060
LASSO 499 258 0423 0263 500 269 0.389 0.205
ALASSO 494 1.03 0232 0.192 498 1.08 0.192 0.125

SCAD 490 020 0.081 0.106 497 021  0.061 0.068
SICA 4.85 024  0.087 0.115 497 023  0.062 0.073
SELO 4.86 0.19 0.087 0.111 497 029  0.066 0.076
MCP 4.89 0.19 0.082 0.107 498 033  0.064 0.081
p=50,g =8 BAR 790 031 0.195 0.123 797 044  0.185 0.091

LASSO 8.00 4.03 1.018 0.457 8.00 472 0.896 0.379
ALASSO  7.87 218  0.503 0297 793 232 0442 0.279

SCAD 781  0.19  0.168 0123 792 0.16 0.116 0.095
SICA 7.61 037  0.240 0.155 786 031 0.134 0.105
SELO 7.61 033 0230 0.157 786 044  0.142 0.109
MCP 772 028  0.202 0.136 790 039 0.137 0.103
Mixed Poisson process
p=30,g=5 BAR 495 022 0.102 0.076 499 034 0.093 0.077

LASSO 500 259 0447 0257 500 3.11 0313 0.206
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Table 4 continued

Penalty TP FP MMSE  SD TP FP MMSE  SD

b~ N(,1) exp(b) ~I'(2,1/2)
ALASSO 495 1.08 0234 0.155 497 1.17  0.165 0.133
SCAD 494  0.09 0.068 0.075 498 028  0.065 0.087
SICA 492  0.11  0.075 0.079 495 028  0.067 0.082
SELO 493 0.17 0.073 0.084 495 033 0.076 0.083
MCP 494 0.16 0.073 0.079 497 035 0.071 0.086
p=50,g=8 BAR 797 049 0.184 0.111 797 042  0.158 0.102

LASSO 8.00 5.02 1.017 0435 8.00 446 0.828 0.402
ALASSO 794 234 0502 0284 794 212 0423 0.264

SCAD 785 0.19  0.138 0.139 792 021 0.115 0.095
SICA 7.70 045  0.200 0.151  7.82 030 0.147 0.112
SELO 7.67 034  0.188 0.152  7.83 032 0.142 0.115
MCP 778 045  0.178 0.164 788 043 0.135 0.125

Table 5 Results on covariate selection with p = 10,A¢(¢) = 12 and n = 300

Penalty TP FP MMSE SD TP FP MMSE SD
b~ N(0,1) exp(b) ~ T (2, 1/2)

Poisson process

BAR 3.00 0.22 0.076 0.106 3.00 0.22 0.077 0.094
LASSO 3.00 1.82 0.304 0.230 3.00 1.95 0.267 0.161
ALASSO 3.00 0.33 0.151 0.149 3.00 0.31 0.125 0.115
SCAD 2.95 0.42 0.078 0.238 2.99 0.09 0.062 0.137
SICA 3.00 0.15 0.064 0.112 3.00 0.10 0.064 0.097
SELO 3.00 3.04 0.064 0.113 3.00 3.01 0.062 0.098
MCP 3.00 0.16 0.064 0.113 3.00 0.12 0.064 0.103
Mixed Poisson process

BAR 3.00 0.28 0.084 0.109 3.00 0.20 0.080 0.101
LASSO 3.00 1.92 0.317 0.211 3.00 2.39 0.218 0.180
ALASSO 3.00 0.33 0.163 0.157 3.00 0.30 0.131 0.124
SCAD 2.94 0.33 0.083 0.257 3.00 0.20 0.072 0.108
SICA 2.98 0.13 0.075 0.168 3.00 0.14 0.070 0.102
SELO 2.98 3.01 0.081 0.169 3.00 3.00 0.069 0.107
MCP 3.00 0.10 0.073 0.098 3.00 0.14 0.068 0.110

eral times, and all patients are grouped into three groups based on their cognitive
conditions, cognitively normal (CN), mild cognitive impairment (MCI) and AD. One
purpose of the study is to estimate the AD conversion time, which is usually used
to monitor the progress of participants and also to identify the risk factors for AD
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conversion time. One variable of interest is the time (in year) from the baseline visit
date to the AD conversion.

For the analysis, by following Li et al. (2017), we also focus on the data from 298
participants in the MCI group who had at least one follow-up and underwent 2421
examinations in total at random observation points for whom the complete information
on 23 demographic, clinical and genetic factors are available. These 23 demographic
and clinical covariates are identified as possible important factors associated with the
AD conversion by Li et al. (2017). In the application, let 7; denote the AD conversion
time for subject i. The observed information for each participant includes the number
of examinations or observation number K;, the observation points U;; and the AD
conversion indicators §;;. To identify the important covariates or risk factors that
have effects on the risk of developing AD and estimate their effects, we considered
proportional odds frailty model (1). And the cumulative baseline hazard function
corresponding to model (1) can then be denoted by

At | xi, bi) = log[1 4 Ao(t) exp(x;” B, + bi B)].

Table 6 presents the variable selection results for the ADNI data and it also gives the
estimated covariate effects along with the estimated standard errors in brackets based
on the bootstrap procedure, which are based on 100 bootstrap samples randomly
drawn with replacement from the data. In the simulation study, besides the BAR
penalty function, we also apply LASSO, ALASSO, SCAD, SICA, SELO and MCP
penalty functions to the real data set and present the obtained results in the table for
comparison. The results suggest that the AD conversion is clearly related to clinical
factors, including AGE, APOES4, ADAS13, CDRSB, RAVLT _i, FAQ, Hippocampus,
Entorhinal, MidTemp and ICV. This performance is consistent with using other penalty
functions except for variable ICV. And seven factors, PTGENDER, PTENDUCAT,
RAVLT_I, TRABSCOR, Ventricles, WholeBrain and Fusitorm, are not selected by
any penalty functions, thereby indicating that these seven factors had no relationship
on the hazards function of AD conversion time. In addition, the results suggest that
six factors, ADAS11, ADASQ4, MMSE, RAVLT _f, RAVLT_pf, DIGITSCOR, have
no relationship with or significant influence on the hazards function of AD conversion
time except using the LASSO- and ALASSO-based method.

Compared with the conclusions obtained by Li et al. (2017) based on the PH model,
although we obtain the similar important variables, the significance of the variables is
different. For instance, although the selected the AGE, APOES4, ADAS13, CDRSB,
Hippocampus, Entorhinal, and ICV as non-zero covariates, the estimation suggests
that it did not have any significant effect on the development of the AD conversion. In
addition, in the selected non-zero variables, FAQ has a significantly positive effect on
the hazards of AD conversion, suggesting that FAQ increases the risk of AD conversion.
Hence, maintaining a normal FAQ is beneficial to the prevention of AD conversion.
And RAVLT _i and MidTemp have significantly negative effects on the hazards of the
AD conversion, thereby indicating that maintaining a high level of fRAVLT_i and
MidTemp inhibits the development of the AD conversion. Moreover, we also obtain
effect ﬁb = —0.610 of latent or frailty variable with the estimated standard error
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0.127. It seems to exist a strong correlation between the AD conversion time and the
observation process. In other words, the participant’s examination process seems to
be a negative association with the AD conversion time.

6 Discussion and concluding remarks

This paper discussed the variable or covariate selection problem for the informatively
case K interval-censored failure time data and a unified variable selection procedure
was proposed under the proportional odds model. Specifically, the proposed variable
selection was implemented by following a borrow strength idea. We first estimated
the frailty variables for the observation process model, and then proposed a unified
penalized variable selection procedure. The proposed method involves minimizing a
negative sieve log-likelihood function plus a broken adaptive ridge penalty to simul-
taneous estimation and covariate selection under the proportional odds model. The
major advantage of the proposed method is that it is for the general type of failure
time data, case K interval-censored data, which includes all of other types (interval-
censored data, current status data or right-censored data). Another advantage is that it
models the proportional odds model for the dependent or informative censoring, which
often occurs in medical studies as well as other studies. In addition, like some existing
methods(SCAD, ALASSO, SICA), the oracle property of the proposed approach is
established and the numerical studies indicate that the proposed approach works well
for practical situations.

Some work remains to be done for further research. In the previous section, it is
assumed that the failure time of interest coming from the proportional odds model.
However, some other models such as the additive hazards model or the linear trans-
formation model may be more appropriate sometimes. An optimal penalty parameter
needs to be selected through the cross validation or the BIC criteria, but these imple-
mentation processes are very time-consuming. A variable selection procedure, which
overcomes the challenge of tuning parameter selection, is also an important direction
for future research. Although Wang et al. (2020a,b) proposed a novel approach to
tuning parameter selection of Lasso for the high-dimensional regression, however,
their method focused only on complete data and linear regression model, and is inap-
plicable to the semi- or non-parametric model for the censoring data. Constructing a
new variable selection procedure, which overcomes the challenge of tuning parameter
selection, is highly challenging and worthy of further investigation, in the presence of
informatively case K interval-censored failure time data.
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Appendix A Asymptotic properties of i?*

In this Appendix, we will sketch the proof of the asymptotic properties of the proposed
BAR estimator B* described in Theorem 1. For this, the required regularity conditions
are given as follows.

(C1) For the latent variable b, the variance of exp(b) is bound and there exists a
positive small constant ¢ > 0, such that exp(b) > & almost surely.

(C2) For the follow-up time 7 and latent variable b, (I) P(t > 19, exp(b) > 0) > 0,
(II) the function Q(s) = E[exp(b)I(t > s)] is continuous for s € [0, To].

(C3) (I) The matrix E(xx ") is non singular with x being bounded. That is, there
exists xg > 0 such that P(||x|| < xg) = 1. (I) The set B is a compact of RPH! and
By is an interior point of 3.

(C4) (I) For subject i, the union of the support of U; ; is contained in the interval
[a*, b*], where 0 < a* < b* < ocoand j =1,..., K;. (Il) There exists a positive n*
such that P((U;,; — U; j—1) = n*) = 1 for subject i,where j =2, ..., K;.

(C5) The function Ag(.) is continuously differentiable up to order r in [u, v] and
a= ' < Ag(u) < Ag(v) < a for some positive constant a.

(C6) (1) There exists a compact neighborhood of By of the true value of B such
that

as
— 0.

n'R,(B) — 1(By)

sup
BeBoy

Where 1(B) is a positive definite (p + 1) x (p + 1) matrix, which is defined in
the Appendix. (II) There exists a constant ¢ > 1 such that ¢l < Apin(n™1R,) <
Amax (n1R,) < ¢ for sufficiently large n, where A, and A4y stand for the smallest
and largest eigenvalues of the matrix, respectively.

(C7) The exist positive constant ap and a; such that ap <| Box |< a1,k =
1,2,...,q.

(C8) As n — oo, (p+ D*>q//n — 0, A/ /n — 0, ou//n — O,
AN/ (g + D/n — 0and A2/((p + 1)/n) — .

It has been point out that if the conditions (C1)—-(C3) hold, Aoy (#) and « are con-
sistent and asymptotic normal (Huang and Wang 2004). And latent variable b’s as
the functions of the above terms, Based on the delta method, one can easily shows
that as n — o0, b’s are consistent and converge in distribution to a normal random
variable. Conditions (C3)—(C5) are necessary for the existence and consistence of the
sieve maximum likelihood estimator of A¢(#) and usually satisfied in practice (Huang
and Rossini 1997). Conditions (C6) assume that n~1Q, (B) is positive definite almost
surely and its eigenvalues are bounded away from zero and infinity. Condition (C7)
assumes that the nonzero coefficients are uniformly bounded away from zero and
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infinity, and condition (C8) gives some sufficient, but not necessary, conditions need
to prove the numerical convergence and asymptotic properties of the BAR estimator.
In the next, given b, we will sketch the proof of the asymptotic properties of the

proposed BAR estimator ii " The following Lemmas are needed.
Lemma 1 Let the ridge estimator
P
o — arg min {—21,,(,3) +on )y ,63} :
s=1

and suppose that the conditions (C1)—(C8) hold. Then we have that

11B° = Boll = Op(V(p + 1)/n).

Proofof Lemma 1 Let

p
LB =2,B)—0n ) _ B,

s=1

and p, (Bos) = ﬂgsgn/n, s =1,2,...,p, p+ 1. The first and second derivation of

Po(Bos) are po(Bos) = 2Boson/n and py(Bos) = 20n/n, respectively.
Define

an = max{| po(Bos) I: Bos #0,s = 1,2,..., p+ 1}
bn :maX{| ijQ(IBOS) |: ,BOS #O,S = 112’ 7p+ 1}

According to Conditions (C7)—(C8), we obtain that a,, < 2aj0,/n = o(n~1/2), and
bp < 20n/n = (n~Y/?). Therefore, a, — 0, b, — 0.Let g, = /p + 1(n""? +ay,),
then using the similar manipulation as those in Cai et al. (2005), we have prove that
for any € > 0, there exists a large constant C such that

up {LB+¢av) < LBy} = 1 -k,
v||=Co

which implies that there exists a local maximiser B° with that [|8° — Byll =
O, (y/(p + 1)/n). We complete this proof. O

To prove Theorem 1, we need to describe the following notations and Lemma 2
and 3. Define

(g;EgD =2(B) = (R + 1 D(B) £, L. (G1)
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where D(B) = diag(Bi, ..., Bp—1,Bp,0), Ry = R, (B) = Z" Z,and &, = §,(B) =
Z"y, and partition the matrix n~'®,, into

- - A B
(0™ R) 1=<BTG),

where Aisa (g + 1) x (¢ + 1) matrix.
Note that since 2, is nonsingular, it follows by multiplying €, Y, + 1. D(B))
and subtracting B, on both sides of (G1) that we have

ﬁl(lﬂ—ﬂ«m) k_n( AD/ ()% BDz(ﬂz)z?2>_ .
(l‘/‘z(ﬁ) T BT D{(B,)91 GD2(B,)9> =B°—-Bo. (G2

where D1 (B1) = diag(B;”. ..., B;%,0), and D2(B,) = diag(B,},. ..., B,%). In
the next, we will describe the following Lemma 2 and 3, and complete this proofs.

Lemma2 Let {A,} be a sequence of positive real numbers,with that A, — oo and
Aj(p+1)/hy — 0. Let Hy = {B = (B{.B3)" : By € [1/Ko, Kol”", [IB,]| <
An/(p + 1)/n}, where Ko > 1isaconstant suchthat By, € [1/Ko, Kol?t!. Suppose
that the regular conditions (C1)—(C8) hold. Then, with probability tending to 1, we
have

(I ﬂs:}; (”ﬁ?ﬁ?”) < Clofor some constant Cy > 1.

() g(.) is a mapping from H, to H,. O

ProofofLemma2 Let 9, = 91(B), 92 = ¥2(B). Based on the Lemma 1, it follows
from (G2) that

= 0,(/(p+1)/n). (G3)

A A
0 + fBTDl(lﬁ)l?l + fGDz(ﬂz)ﬂz

sup
BeH,

For given a constant C, and the matrix n_IQ,, has fact that
IBTBI| = [|A%|| < [IBBT + A%|| < ||(n~ ', (B)) *I < C*
by conditions (C6)(II) and (G2). Thus, we derive matrix B with that
IB]| < v2C. (G4

Furthermore, note that B; € [1/K,, Kolt! and [|91]| < |lgB)Il < |IB°Il =
0, (y/p + 1). Combining (G4), Condition (C6)(II) and (C7), we have

A
fBTDI(ﬂM

= 0p(V(p+1)/n). (GS5)

sup
BeHy,
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Since Apin(G) > C —1 it follows from (G2) that with probability tending to 1,

A A
c! 7”1)2(/92)192 —|[92]] < sup ﬁz+7”BT1)1(ﬁ])ﬁ1

BeH,

=0,(/(p+ )/n) < Ap/(p + D/n.

Let my, = v2/PB,. It then follows from the Cauchy—Schwarz inequality and the

assumption ||B5]| < A,/ (p + 1)/n that

(Go6)

lmo, || < [1D2(B2)02]| Ay (p + D) /n (G7)
and
10211 = 1D2(B2) ™ Zmg, || < [lmo,|l11Ball < llma, [|Any/(p + 1)/n (G8)

for all large n.
Thus, from (G6) and (G8), we have the following inequality

L TP TRV L Y N ek
nC A,/p+1 : : N/ Jnoo

Immediately based on pAi /An — 0, we can derive

< l, (co > 1), (G9)

(s, || <
(&)

M
(p+DAZC

with probability tending to 1. Hence, as n — 00, it from (G8) and (G9) that

920l < lIB2ll = An/(p+ 1)/n — 0. (G10)

It implies that conclusion (I) of Lemma 2 holds.

Here, we prove conclusion (II) and need to verity that ¥, € [1/Ko, Kol9t!
with probability tending to 1, since (G10) has showed that ||9]|| < A,/ (p+ 1)/n
with probability tending to 1. Following arguments similar to those in the proof of
conclusion (I), based on the conditions C6(II), B; € [1/Ko, Kol?t! and ||91]] <

O,(y/p + 1), we obtain
=op(v/(p+D/n).

sup

A
“ZAD (B
BeH, I Tt

According to the formula (G2), we obtain

= 0,(/(p+ 1)/n) < Au/(p + 1) /n.
(G11)

A
sup |1 — B + 7"31)2(,32)192

BeH,
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And from (G6) and (G10), we have

t—nDz(ﬁz)ﬁ‘z <2cA,/(p+1)/n. (G12)

Hence, according to condition (C6)(II), we have that as n — oo and with probability
tending to 1,

o 23262 A0 + 1
< Z1IBI| sup | D2(By)tall < NCSVPT D (G13)

BeH, \/’7

sup

A
“EBD12 (B2
BeH, I

Therefore, based on the above formula (G11) and (G13), we can obtain

2
wp 191~ Bl < B2EHVANPET
BeH, ﬁ
with probability tending to 1, which implies that P (| %1 — Bonpll = e) — 1, for any
€ > 0. Thus it follows from B ;) € [1/Ko, Kol that 91 € [1/Ko, Ko]?*! holds
for large n, which implies that the conclusion (IT) of Lemma 2 holds. This completes
the proof. O

Lemma 3 Suppose that the regularity conditions (C1)-(C8) holds. Then, the equa-
tion ¥ = (Sl,gl) + )\.nD](l?I*))_lf}gl) has a unique fixed-point D1 in the domain
[1/Ko, Kol?t! with probability tending to 1.

Proof of Lemma 3 Define Z is the first g 4+ 1 columns of matrix Z, measurement error
e=y—ZB,and

FON = (AOD, os f300, fr10) T =@V + 21,0107V, (G14)

By multiply (") " (%" +1, D1 (¥})) and then minus B ¢y, on both sides of (G14),
we have

10D = Boy + @)D @D rH) = @) TEN — By = 2]z 1z,
(G15)

Therefore,

sup 1F @) = Boory + 2 (@)D @) FOD = 0,/ (g + D/n).

Oy ell/Ko,Koldt!

Following arguments similar to those in the proof of (G5), we can obtain

2 D) Dy £ (97)

. = 0,(/(qg + D)/n).

sup
O ell/Ko,Kola+!
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Thus,

sup 1£@7) = Bonll < Anop(v/ (g + 1)/n) — 0, (G16)

€[1/Ko.Kol4+!

which implies that f(97) € [1/Ko, Kol9™! with probability tending to 1. That is
f (@) is a mapping from [1/Ko, Kol to itself.

. af@f
Let 9 = (0 1vo 90 07 ) and F0) = 20

proof of (G15), by multiplying SZ,(QI) + X, D1 (¥]) and taking derivative with respect
to ] on the both sides of (G14), we can obtain

. Similar to those in the

) . A =270 =2f(@7)
n 1(525,1)+An01(1?7‘))f(19?‘)+—"dmg< G | =0
n o1 vy q+1
Then
sup @D + 20, D1 @) O
ell1/Ko, K]+
2hn . F@) f@7)
— sup _ndlag ( *31 ... 3 ZOP(I).
E[l/K(),K)]q+l n 191’] 191 ,q+1

According to condition (C8) and the fact ] € [1/Ko, Ko]? *1 we can obtain

In=HRY + 1, D1 F @D =1 RP F @D — In D17 f 7))
1 oo\ s (G17)
> (- - —K0> I f @I
C n

Thus, we have that sup | f @PI — 0, which implies that f(.) is a con-
€[1/Ko,Kol9+!

traction mapping from [1/Ko, Ko]9t! to itself with probability tending to 1. Hence,
according to the contraction mapping theorem, there exists one unique fixed-point
B € [1/Ko, Ko]?T! such that

9= (@ + 1, D1 (31)) gD,

We complete the proof of Lemma 3. O

Proof of Theorem 1 Firstly, based on the definitions of [9* and ﬂ(zk), it follows from
Lemma 1 and 2 that

B, = lim 5 =
holds, with the probability tending to 1. And the conclusion (I) holds.
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Secondly, to prove the conclusion (II), we need show that P(‘@T = 191) — 1. For
this consider (G2) and define ¥, = 0 if 8, = 0. Note that we obtain ﬂlimo P =0
2—)

from the formula (G2) for fixed large n.
Furthermore, based on the formula (G15), we can obtain

lim 9 = (2, + 2, D1(B) &V = £(By), (G18)

Br,—0

by multiplying (2, + A, D1(8)) on both sides of (G1). Combining conclusion (I) and
formula (G18), as k — o0, it follows that

Vi = sup If(B1) = D1l = 0. (G19)
fell/Ko.Kole+!

Since f(.) is a contract mapping, Lemma 3 yields
PN ~ (k) . L o~k .
IFBy )=l =1FBy)—f@DI = E“ﬂl -, C>1  (G20)
~ (k N
Let i = 1B = $1]1. It then follows from (G19) and (G20) that

A ~ (k) Sk, 4 h
b1 = 101 = il = 191 = fFBIOI+ISBy ) —D1ll = vwe + < (G21)

From equation (G19), there exists constant N > 0 such that | ¢ |< ¢,k > N for
any ¢ > 0. According to the above formula (G21), we have i; — 0 by using recursive

~ (k N
calculation, as k — oco. Hence, we obtain I|ﬂ(1 ) Y1) as k — oo.
~ ~ (k ~ N
Since ,BT = klim ﬂi ),based on the Lemma 3, we have P(ﬂT =9 —> 1,k — oo.
— 00

And we complete this proof of the conclusion (II).
Finally, we will prove the conclusion (III). Define

Wy = Vn[( @ + 2, D101)) '@ — L1180
and
W = V(@ + 1, D13)) ' ED — 2B ),
where 1,1 denotes g + 1 dimensional identity matrix. According to the Lemma 3,

we have \/n (f?l — ﬂ(m)) = W 4 W;. Furthermore, It follows from Woodbury matrix
identity and condition (C7)—(C8) that

An , _ _ A _ _ Al —
U, =\/_"ﬁ(n ') ' D @)Y + ' a D1 (B1) T RV B o

= Op()\n\/ (q + 1)/") -0
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Under the assumption A, /+/n of condition (C8), following arguments similar to those
in the proof of (G22),

W = V(') —0,(1/V/n) (T 'ED —n'RDB o1
1
=& =2, Bon) +op(D)

Jn

— Q) (G23)

where n—1/2(§§}>—sz,9)ﬁ(01)) = n—1/21',$”(/§* | &)+o0,(1) with l',(,l)(/gﬂ< | &) denoting

the ﬁfst q + 1 components of i, (,B * | &). Let the Fisher information matrix I(8) =
—E(,(B | &) and IV(B,) denotes the leading (g + 1) x (g + 1) sub-matrix of
I(By). The law of large numbers and the multivariate central limit theorem show that

n120,(B" | & — NO,n"'I(By)), we have J/n(D — Boi) — N(0, L) with

Y= n(ﬂgl)(ﬂo))_l1(1)(/90)(!2,(11)@0))_1. This completes the proof of the Theorem
1. O
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